Example 20: Annotated student work

. | Producing an equation to model a cooling cup of tea

My inspiration for this investigation arose after extended amounts of time in class spent lurking in
the depths of calculus. In my confusion, | wanted to apply what I'd learnt in class to something that
was physical and relevant in some attempt to justify that what | was learning was real. At first, it was
difficult to think of anywhere in day to day life that could hold some relationship to the convoluted
methods of czlculus, but | finally settled on something that was a fundamental aid in my Diploma.
Tea.
After many revision sessions spent buried in a text book, | often found my tea cold when |
got around to drinking it. Consequently | started thinking about how tea cooled, from my higher
level in chemistry | knew that the difference between the cooling body and the ambient
temperature (room temperature) changed the rate at which the body cooled. So thet large
differences between temperatures cause a large rate of change and the smaller the differences S g C + |
between the cooling body and the ambient temperature cause a smaller rate. From my common
sense | knew that the tea couldn’t go below room temperature at any point which meant that the
tea would approach room temperature with the rate getting smaller and smaller and smaller as did
the difference between the tea and ambient temperature. It sounded like an exponential curve, znd <«—— 1
one that could be graphed. | aimed to create a model of the rate of cooling and procuce an equation
that would allow me to calculate how long | could revise before my tea would be undrinkable.
My main goal in this investigation was simply apply maths to somewhere outside of the
lesson environment. To be able to solve an equation so that | can produce a value that bears

significance in the real world, rather than being an answer to a textbook question. <_m Him
C :

To gather the data | needed to produce the graph | had to first E - ! |

measure a cup of tea cooling down. Using a temperature sensor and Bl

piece of graphing software | was able to produce a set of readings
that measured the temperature of the tea to 1.d.p every 10 seconds
for 2.5 hours. The graph drawn on the software reflected the
exponential function that | needed, with the asymptote of the results
approaching the room temperature of 24°C

However due 10 practicality issues and an error in the software, only
temperature readings for every 5 minutes could be recorded for later
use. Although fewer results decreased the accuracy of the model the
remaining readings are numerous enough that they should provide
enough accuracy to form a reasonably accurate equation calculate
the temperature of the tea at any given time. The readings are listed
in the table on the next page.

AN
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2 l Producing an equation to model a cooling cup of tea

: Temperature of Tea
i Time |
(mins) | o] 5| 10, 15| 20! 25| 30| 35 40| 45| s0! s5| 60
Temp : , .
(*C) |80.4|72.1 647 |59.2|547 50.8!47.6 449 42.4|404 384 368|354 ~ <+—LH
i ‘ ! |
Time 65| 70| 75| 80| 85 90| 95| 100 105]| 110 | 115 120 |
Temp 343291319 | 31|30.129.4|28.7 282 |276| 27267262

The next stage logically was to graph the results to produce a graph of my own like I'd seen on the
software. | used Microsoft Excel to produce a scatter graph with time plotted as X and Temperature
plotted as Y

Temperature vs Time

o

——— Not a scatter graph
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@ Units in table.

Temperature e Room Temp ~=-

Here | made the addition of adding the asymptSt’e of room temperature so that | could display the
exponential nature of better to myself.

From this it could be assumed:

The power of the exponential is negative: The graph has a negative correlation, so whatever
the power of the function is, it must always be negative.

When time (t} =0, Temperature T=80.4: The initial temperature of the tea (the y intercept) is 80.4

The room temperature is 24 degrees: The tea can never get colder than this temperature. <+—{3
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3 | Producing an equation to model a cooling cup of tea

From these observations | started to build a formula for the curve displayed above. | chose the
power e so that | could solve the equations later when finding the constants.of the equation. Hence,
using T (Temperature) and t (Time) | deduced: _

\ Parameters

It was exponential decay:

T=e"t

The entire graph was translated up the v axis bv a degree of 24, so there was a translation constant:

= -t
T=Ta+ e -

(Where T, =24, representative of the ambient temperature.)

Drawing this graph produced this:

.

T L U T
W oy C

= oo

55l

4=

TR R A P A

i

IR
o= W
e

"
(¥~ v}

5 10715 20 25 30 35 40 45 50 55 60 65 0 75 80 85 Q0 95 1001051101151

This is quite blatantly not the correct formula, the axis of the original data were used to demonstrate
how where the differences lay between it and the original data. To translate it to represent the
original, it requires a translation on the x axis (k) and a gradient much smaller than 1 (a), so it can be
assumed that:

-There is a stretch constant on the x axis: a, whichis1>2>0 'B - PR
2o a

T=T,+ e™¥
-There is a translation constant on the y axis: k
T=T,+ ke ™™
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| had lots of issues in this section of the investigation, having produced an equation to solve | found
myself at a bit of a loss in how to solve it. My initial line of thinking was that it would be solved using
simple algebra and using two results from my data to solve a simultaneous equation.

To start, | rearranged the formula to make e~ **more approachable using natural logs:

T=T,+Ke™™

T—T,=Ke™®

In(T —Ta) = In(Ke™%) Ln(e) =1
In(T —Ta) = (InK) + (—at) X In(e)

In(T —=Ta) = InK —at

Then, | let t = 0 and 80 minutes and T=80.4 and 31 degrees
Using two resuits from the data to create a pair of two variable equations where T, = 24.5

In(80.4 —24.5) =InK — 0a
In(31 - 24.5) =InK —80a

And solved algebraically:
In(80.4 — 245) = InK
in(31 - 24.5) =InK — 80a B

Subtracting equation A from equation B

A

In(6.5) —In(55.9) = (InK — InK) — 80a

In(6.5) —=In(55.9) = —80a Please note, all calculated
values are left to more than

In ( . ) — _80a 3.s.f as over simplification
559/ might result in the model not

matching the results. <)

-215
-80

a

a= —0.0269

Solving for K
In(80.4 —24.5) =InK — (0 x —0.00269)
In(55.9) =InK
559 =K

Producing the final equation:

T = 24.5 + 55.9¢70026%
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This seems to produce a graph that matches the original data, but it can been seen that the results
tend to under predict the rate of cooling in the first 50 seconds of cooling.
T = 24.5 + 55.9¢~"025%

It can be seen that the
Equation 1 compared to originz! dats actual data (orange)
tends towards being
slightly lower than the
temperature projected
® by this first equation.

; This could have been
caused by the method
above not accounting
for anomalies in the

20.8 data, as a real world

10.8 : example of cooling
0.0 isn't going to be

40 80 100 ‘20 14C perfectly accurate. To
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Zquation Temperature {equation 1) % Recorded Tamperature try and produce a
more accurate series,
one that accounts for the natural errors in the data lines of best fit could be used to produce a
model of the curve. This attempt follows, and the equation produced above algebraically will be > D +|
referred to asequation 1

T=T,+ ke ™
To create a formula that accounted for the uncertainties/anomalies | began to use lines of best fit.

| started to look at the equation’in @ more representative fashion, the exponential is very difficult to
solve in its original form, but straight line graphs are much simpler to solve. With some guidance |
once again simplified the equation using logs until it represented something similar to y=mx+c.

Initial equation:
T(t) = Ty + ke 0 <€——— Typing mistake? (b)

T(t) =T, = ke~
Ln(T —T,) = Ln(ke™®)
In(T —T,) = Ln(k) — atLn(e)
ILn(T — T,p)|=|—at }|Ln(k)

y mx c
y=mx-+c
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From this | used expecimentalthe experiment data to plot the graph of Ln(7-T,) on excel, producing
the following straight line graph.

Ln(T-T,) vs Time

45

The line can be seen to be accounting for the small fluxes in the line created by real world factors

Due to the limitations of excel the graph was not produced in enough detail to be able to work out
the equation manually, however the program produced a line of best fit and displayed the equation
of that line on the graph. It is shown below.

y =-0.0274x + 3.9982
Using this it can be deduced from y=mx+c that:
y =-0.0274x + 3.9982
m =-0.0274
c=3.9982
Working backwards, these values correspond to the simplified equation
[ Ln(T=Ty) = atiH Ln(k) |
Y mx c

y=mx+c

So that: Ln(k) = 3.9982
—a = -0.0274
xX=t

From here K can easily be solved:
39982 — |

545=k
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Returning these values to original equation produces

T = 24.5 + 54.5¢700274
This equation looks more reasonable than the one produced in the algebraic method, graphing it with
GraphSketch produces this:

. Equation 2 compared to original data

3

.....

In comparison to the original graph (right) it's
virtually identical, crossing the y-axis at what
appears to be a slightly lower value. The
asymptote is the same, as also appears to be
the rate of decay. However to produce a less subjective indication of the accuracy of the model, a full ~<«—J
list of values that are produced by the equation, are given overleaf and compared to the real values
of the original experiment. A mean average of the differences between the original value for
temperature and the one produced by the equation are also attached to provide an easier comparison
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From that it can be quite firmly seen then, that the correlation between the two is very similar, the

margin of absolute error between results averaging at a mere 0.11°C. However in discussion with my

teacher there is an alternate route to work out the equation of the formula that | would like to pursue

to see whether a more theoretical route produces @ more accurate equation. Namely the equation

produced by Newton'’s law of cooling. Due to the line of best fit used in this equation it remains to be ~<«—<4
seen whether or not that has increased or decreased the integrity of the formula by taking into

account the discrepancies from the formula produced in the real life experiment, though it appears

that it increased the general accuracy of each point, but not the y intercept

From here on the equation produced in this section by using Lines of best fit will be referred to as
equation 2
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8 | Producing an equation to model a cooling cup of tea
Comparison of Model and recorded data
Equation 2
Equation Difference
t escrded Ter:perature between
Temperature (£Q2) -

0 804 790 1.40

5 721 72.0 0.08
.10 64.7 659 124
.15 59.2 60.6 -1.43
20 | 54.7 56.0 -1.31
.25 508 520 -1.17
L 30 47.6 485 -0.86
| 35 44.9 45.4 -0.49 |

a0 | 424 427, 031

a5 | 404 40.4 | 0.02

50 384 383 - 0.05

55 36.8 36.6 | 0.22
' 60 35.4 350 0.37 .
| 65 34.0 3371 0.32
.70 32.9 32.5 039

75 319 315 0.42 |

80 | 310 306 041

85 301, 29.8 0.29

90 29.4 29.1 | 0.27

95 287 28.5 0.16

100 28.2 | 28.0 0.18

105 | 276 27.6 0.03

110 | 27.0 | 27.2 ! -0.18

115 | 26.7 26.8 | -0.13

120 26.2 26.5 -0.33
| Mean error: 0.11°C [

8
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T =T, + ke @

In my research to try and solve the cooling equation | discovered Newton’s Law of Cooling, which
states that:

‘The rate of change of the temperature%, is (by Newton's Law of Cooling) proporticnal to the
difference between the temperature of the soup T(t) and the ambient temperatureT,’ *

daTr )
I is proportional to (T —T,)

The website referenced details the progression from this fact to produce an equation. It uses
integration and the fact that 7,, and T, (original temperature) are constants to convert the above
integral into a y=mx+c equation, however for the sake of conciseness | will state only the resulting
equation that they have produced.

T(t) =T, +(T, — To)e ™

Where: T = Temperature
T, = Ambient temperature
To = Initial temperature <——x
t=Time
k = constant

Factoring in the conditions from my investigation the equation looked like this:
T(t) = 24.5 + (80.4 — 24.5)e~*¢
So, once more using experimental data I let T=40.4 and t = 45,
40.4 = 24.5 + (80.4 — 24.5)eKx45
And solved for k

40.4-245
80.4 — 24.5

—KX45
40.4 — 24.5) C ewas
= (80.4 —245)
404 — 245
in(g09=21% .
—45 -

k = 0.0279387838

Producing the equation:
T(t) = 24.5 + 55.9¢~0:027%¢t
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Graphing this equation produces:
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Which, when compared to the original graph:

—
1

Equation 3 compared to original data
90.0
80.0

70.0

Once again the graphs are almost identical, and the equation produced via this method carries

strong resemblance to equation 1 in underestimate of cooling. To determine which gives a more D S D +|
consistent representation of my tea cooling down, a full list of values for equations 1, 2, and 3 are

listed, and compared to those recorded in the original experiment.
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Comparison of results
‘ Equation Equation Equation Recorded
Time |Temperature | Temperature | Temperature
: i X Temperature
(equation 1) | (equation2) | (equation 3)
0 80.4 79 80.4 80.4
5 73.4 72 73.1 72.1
10 67.2 65.9 66.8 64.7
15 61.8 60.6 61.3 59.2
20 57.1 56 56.5 54.7
25 53.0 52 52.3 50.8
30 49.4 48.5 48.7 47.9
35 46.3 45.4 45.5 449 B
40 43.6 42.7 42.8 42.4
45 41.2 40.4 40.4 40.4
50 38.1 38.3 38.3 384
55 37.2 36.6 36.5 36.8
60 35.6 35 35.0 35.4
65 34.2 33.7 33.6 34
70 33.0 32.5 32.4 32.9
75 31.9 31.5 31.4 31.9
80 31.0 30.6 30.5 31
85 30.2 29.8 29.7 30.1]
20 29.5 29.1 29.0 29.4]
95 28.8 28.5 28.4 28.7
100 28.3 28 27.% 28.2
105 27.8 27.6 27.5 27.6
110 27.4 27.2 27.1 27
115 27.0 26.8 26.7 26.7
120 26.7 26.5 26.5 26.2)
Average Average ' Aversge The average erronj (her? given as absolute error)
difference difference ~ difference shows.that equation 2 is more frequently closer to
| (equation 1) | (equation2) | (equation 3) | the original vzlue produced by the graph. The least
! i 1 { accurate being equation 1, despite it being
0.78 0.11 3 0.27 i produced by a virtually identical method to
equation 3. This is thought to be due to the values selected which were used to solva the equation.
As the real data produced showed some discrepancies tc Newton's law of cooling due to real world
factors (e.g room temperature changing) , using one of the more anomalous data points to solve and ) D +|

equation algebraically would create a model that not a true representation of the cooling curve.

@ Mathematics SL and HL teacher support material



Example 20: Annotated student work

12 ! Producing an equation to model a cooling cup of tea

It can been seen from these averages that equation 2, the equation produced using lines of best fit from
excel have creatad the most accurate model of the tea cooling down. This is most likely due to the lines
of best fit taking into account the slight discrepancies in the real results that were caused by the
environment. For example, the third equation relies on the fact that T, is always equal to 24.5, however
as the tea cooled down the air immediately around it would’ve warmed up as heat diffused away from .
the cup. This would've created a smaller difference between the temperature of the tea and the ambient
temperature, so the rate of cooling would be smaller. This explains why the average difference for
equation 3 is so great, Equation 3 always predicts a lower ambient temperature and thus wrongly
assumes the rate of cooling is faster, producing a temperature that is (on average) smaller than what the
temperature actually was.

Equation 1 produces such a large error due to, mainly the same reasons as above, however because the
algebra used to solve it relied on two randomly chosen values from the real data, any anomalous data
from those two values would've been factored into the algebra, so that the error is carried much further
forward than in the other two methods of solving the equation.

To answer my criginal question then: ‘How long can | revise before my tea is undrinkable?’
Using my equation: '

T =245+ 54.5¢70927%
And assuming that 30°C is undrinkable tea temperature:

30 = 24.5 + 54.5¢ 700274t

54.5
30—245
In (——_) - oo
545 < LY Returns to aim.
30—245
S C R
M— =K
—-0.0274

t = 83.7 minutes
| can safely revise for 1.4 hours before my tea is cold and undrinkable.

As pracise as this value is however, it only represents how long | can leave my tea in a 24.5°C room before it is
cold. The limitations of the equation include the fact that it doesn’t take into account the insulation of the
cooling body (namely which mug the tea is in) nor does it account for the fact that an ambient temperature
can move. For further investigation it would be interesting to see if an equation can be produced that takes
into account the surface arez of the cooling body and the changing ambient temperature. Perhaps by plotting
the time taken to reach a specified temperature against surface area of cooling body a graph could be
produced that could be solved as the one above has been to give a clearing indication of cooling time.
However to do so would be to investigate bi-variant data which makes comparisens of the equations more
problematic.

However, the equation preduced above, despite its minor discrepancies has produced an extremely accurate
model of my cup of tea cooling down. | have fulfilled my goal to take the more abstract areas of maths, like the
laws of logarithms and solving simultaneous equations which beforehand seemed inapplicable to everyday life
and used them to create a value that is both real and relevant to my life.

<N

AN
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